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Simple relations for the onset of competing brittle and quasi-
plastic damage modes in Hertzian contact are presented. The
formulations are expressed in terms of well-documented ma-
terial parameters, elastic modulus, toughness, and hardness,
enabling a priori predictions for given ceramics and indenter
radii. Data from a range of selected ceramic (and other)
materials are used to demonstrate the applicability of the
critical load relations, and to evaluate coefficients in these
relations. The results confirm that quasi plasticity is highly
competitive with fracture in ceramics, over a sphere radius
range 1–10 mm. Implications concerning the brittleness of
ceramics in the context of indentation size effects are discussed.

I. Introduction

RECENT studies using Hertzian contact with spheres have iden-
tified two basic damage modes in monolithic ceramics:1–7

brittle mode, consisting of tension-driven Hertzian cone cracks in
the top surface;quasi-plastic mode, consisting of a “yield” zone of
distributed shear-driven faults or microcracks in the subsurface.
The latter mode is especially prominent in indentation fields,
especially in “sharp” contacts, because of an uncommonly high
shear/tension stress ratio, typically 2 or more8 (see Section II). It is
therefore important to give due consideration to this mode in any
ceramics application involving concentrated loading, e.g., bear-
ings, dental crowns.7,9 Cone cracks have been well studied using
conventional fracture mechanics7,10–18 and dominate in hard
ceramics with single-valued toughness. Quasi plasticity is less well
understood, requiring micromechanical damage accumulation de-
scriptions,19,20 and occurs more readily in tough ceramics with
R-curves. Both modes can be strength degrading,21 but quasi
plasticity is particularly damaging in fatigue and wear applica-
tions,1,7,22,23from cumulative microcrack coalescence.

Hertzian testing can be used to measure the relative loads for the
onset of each damage mode in any specified material, at any given
indenter radius.7 However, such measurements may not always be
straightforward. If the material is opaque, one usually has to
examine the specimen after the indentation events, using exacting
surface microscopy or painstaking sectioning techniques. Even
instrumented force–displacement indentation tests,24 so useful in
quantifying hardness, do not generally have the necessary sensi-
tivity to detect the very first initiation of inelastic damage beneath

spherical indenters on brittle materials.25 Acoustic emission also is
limited in its ability to detect individual damage events, particu-
larly the microscopic shear events which characterize the quasi
plasticity initiation process—in some materials associated micro-
cracks grow relatively stably with increasing (sometimes decreas-
ing) contact load,19 and are therefore unlikely to emit detectable
signals. It would therefore appear desirable to be able to predict
critical loadsa priori, using routinely available, basic material
properties.

Accordingly, in this study we present simple relations for the
critical loads for quasi plasticity and cone fracture in Hertzian
contact, in terms of elastic modulus, toughness, and hardness. The
underlying formalism for this purpose is well established in the
indentation literature.26–33We demonstrate the applicability of the
formulations by measuring critical loads for the onset of quasi
plasticity and cone fracture on a broad range of selected ceramic
materials. Our results indicate that quasi plasticity is highly
competitive with fracture in most ceramics, over a sphere-radius
test range 1–10 mm. The analysis confirms an indentation size
effect in which quasi plasticity dominates at small characteristic
indentation dimensions and fracture dominates at large dimen-
sions.

II. Critical Loads for Quasi Plasticity and Fracture

Figure 1 shows a schematic of a surface-initiated cone crack and
subsurface-initiated quasi-plastic deformation zone for indentation
of a flat specimen of Young’s modulusE with a sphere of radius
r at loadP. The material is assumed to remain elastic up to the
onset of first damage, so that the contact may be described by the
classical Hertzian field. A general relation for the contact radius is8

a 5 $3~1 2 n2! Pr9/4E9%1/3 (1)

with n Poisson’s ratio (here taken as approximately equal for
indenter and specimen) and withr9 “effective radius” andE9
“effective modulus”

1/r 9 5 1/r 1 1/r s (2a)

1/E9 5 1/E 1 1/Ei (2b)

where subscriptss and i denote specimen surface and indenter
material, respectively. This formulation allows us to account for
indenters of different modulus and specimens of different curva-
ture. Thus for rigid indenters on flat specimens,r9 5 r andE9 5
E; whereas for like indenters and specimens,r9 5 r/2 andE9 5
E/2. (Note that the contact radiusa in Eq. (1) is the same for these
two illustrative cases.)

For the quasi-plastic mode, it is assumed that damage is driven
by the shear component of the Hertzian stress field.34,35The shear
stress has a maximum value just under one half the mean
indentation pressure,tm ' 0.47 P/pa2, at a subsurface location
along the contact axis.8,34Yield initiates whentm reaches one half
the uniaxial yield stress,tm ' Y/2.1,7,34,36–38The yield stress can
be related to the indentation hardnessH via the simple relation
H 5 cY, wherec is a “constraint factor”—for ideal elastic–plastic
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solids,c ' 3.34 Combining these relations with Eq. (1) provides an
expression for the critical contact loadPY at first yield:30

PY/r92 5 DH~H/E9!2 5 constant (3)

with D 5 (1.1p/c)3[3(1 2 n2)/4]2 a dimensionless constant.
The brittle mode is driven by the tensile component of the

Hertzian field. The maximum tensile stress issm 5 (1 2
2n)P/2pa2 at the circle of contact, but falls off dramatically below
the top surface.10 The ensuing cone crack accordingly undergoes a
complex stabilized growth stageen routeto pop-in. The condition
for crack initiation is that the stress intensity factorK(C) 5
sm(pC)1/2F(C/a) 5 T, dT/dC . 0, whereC is crack length and
T 5 KIC is toughness (assumed single-valued). The corresponding
critical load is thus determined as7,10,12,13,15,31,39,40

PC/r9 5 AT2/E9 5 constant (4)

which is Auerbach’s law, withA 5 A(n). Unlike D in Eq. (3),A is
not amenable to accurate first-principles evaluation, and is best
obtained by experimental calibration.

We note thattm/sm ' 0.47/0.5(12 2n) ' 2, as indicated in
Section I. We note also the different critical load dependence on
indenter radiusr9 in these relations, quadratic in Eq. (3) and linear
in Eq. (4). These different dependencies have been well docu-
mented in the literature cited above.

III. Experimental Procedure

Several polycrystalline ceramic materials was selected for the
present study, as listed in Table I. These materials were chosen
because their mechanical properties had been well characterized in
previous studies, and because the range of material parameters was
sufficiently broad to ensure meaningful data trends. Among these
ceramics were series of micaceous glass-ceramics (MGCs), alu-
minas, and silicon nitrides, distinguished by fine (F), medium (M),
and coarse (C) microstructures. Some additional materials,
diamond-type single crystals and soda–lime glass at the brittle end,
and representative metals and polymers at the plastic end, were
included for subsequent comparison purposes.

Specimens were cut into bars with minimum surface dimension
5 mm and minimum thickness 3 mm. Surfaces of the polycrystal-
line ceramics were polished to 1mm finish. These materials had a
sufficiently dense population of intrinsic microstructural flaws to
ensure crack initiation in the ensuing contact tests. The soda–lime

glass surfaces were lightly abraded with 600 SiC grit, to provide an
adequate density of extrinsic flaws.46

In those materials where values of elastic modulus, hardness,
and toughness values were not available from previous studies,
supplementary measurements were made using routine testing
procedures. Elastic modulus was determined by a sonic method
(Grindosonic MK5, J. W. Lemmens Inc., St. Louis, MO). Hard-
ness and toughness were determined by Vickers indentation
(Zwick 3212, Zwick USA, Kennesaw, GA) over a load range
10–100 N: indentation hardness asH 5 2P/d2 (load/projected
area),34 with d impression diagonal (converting any Vickers
hardness numbers usingH 5 1.078HV); and indentation tough-
ness,T 5 0.016(E/H)1/2(P/c3/2),47 with c radial crack length
measured from the contact center. Measurements ofd andc were
made 1 h after indentation. Any such supplementary determina-
tions are indicated by asterisk in Table I.

Hertzian contact tests were made on the prepared ceramic and
glass surfaces, using WC spheres within a radius ranger 5 1–10
mm fixed into the crosshead of an Instron testing machine (Model
1122, Instron Corp., Canton, MA), at a loading rate of 0.2
mmzmin21, in air. Indentations were made in rows on each
specimen surface at designated load increments, for each given
ball size. After the indented surfaces were gold-coated, critical
loads were determined by optical microscopy using Nomarski
interference contrast—a postcontact gold coating usefully en-
hanced image contrast. All observations were made within 1 h of
indentation. Means and uncertainty bounds forPY were deter-
mined from the load ranges over which residual surface impres-
sions were completely undetectable (lower limit) and were clearly
visible (upper limit). In Y-TZP, these impressions showed a
marked tendency to recovery after several hours, disappearing
altogether for loads just above threshold—in this material, a
special effort was made to observe the indentation sites within 5
min of indentation. Analogous limits forPC were determined from
the load ranges over which the cone cracks first appeared on the
surfaces as incipient shallow arcs and finally completed them-
selves as full surface rings around the contact. In some materials
(e.g., the glass-infiltrated alumina) this spread was relatively large.
In the more brittle ceramics (glass, porcelain) it was difficult to
produce any visible quasi-plastic deformation at loads less than
'3PC; conversely, in the more quasi-plastic ceramics (coarser
glass-ceramics and silicon nitrides), it was difficult to produce
cone cracks below'3PY. In some of the intermediate cases, both
modes were apparent within these load ranges.

Fig. 1. Schematic showing competing damage modes in ceramic speci-
men from contact with sphere indenter:brittle mode, cone crack (C);
quasi-plastic mode, yield zone (Y).

Table I. Material Parameters†

Material

Young’s
modulusE

(GPa)
HardnessH

(GPa)
ToughnessT
(MPa z m1/2) Ref.

Polycrystalline ceramics
Soda-lime glass‡ 70 5.2 0.67 41
Porcelain‡ 68 6.2 0.92 42
Glass-ceramic (Dicor)‡ 69 3.8 1.2
Glass-ceramic (Macor)‡ 63 2.5 1.9
F-MGC‡ 71 3.8 1.0 43
M-MGC‡ 67 3.2 1.3 43
C-MGC‡ 50 2.5 1.7 43
Al2O3 (AD999)‡ 390 17.5 3.1
Al2O3 (Glass-infiltrated)‡ 271 12.3 2.7 44
ZrO2 (Y-TZP)‡ 205 12.0 5.4 23
F-Si3N4 335 21.0 3.9 6
M-Si3N4 326 17.9 5.3 6
C-Si3N4 315 15.8 6.0 6

Other materials
Diamond 1000 80 4.0 31
Silicon 170 14 0.70 31
WC 614 16 13 35
Mild steel 210 1.1 50 35
Polycarbonate‡ 2.3 0.14 2 45

†Uncertainties inE estimated at'5%, H '10%, andT '20%. ‡Materials for
which supplementary data were obtained.
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IV. Data Analysis

Critical load data are plotted asPY/r92 versusH(H/E9)2 for quasi
plasticity in Fig. 2 and asPC/r9 versusT2/E9 for cone fracture in
Fig. 3, in accordance with Eqs. (3) and (4). Each data point
represents mean values over all measurements for a given material,
within the ranger 5 1–10 mm. Vertical error bars are standard
deviations of the experimentalPY andPC measurements; horizon-
tal error bars represent bounds from composite uncertainties in
material parametersE (nominal 5%),H (10%), andT (20%).47

Note the wide range of critical loads covered by the data.
Softer/tougher materials (metals, polymers) tend to the lower end
of the range in Fig. 2, and to the upper end (off scale) in Fig. 3.

The solid lines in Figs. 2 and 3 are best fits of Eqs. (3) and (4)
to the data. We exclude some of the data from these fits: for the
quasi plasticity mode in Fig. 2, data for the harder materials,H .
HWC (e.g., silicon nitrides6), where flattening of the WC spheres
tends to produce artificially high values ofPY; for the brittle mode
in Fig. 3, data forPC . 2PY, since precursor quasi plasticity can
redistribute the tensile stresses. The resulting fits yield values for
the respective coefficients: for the quasi-plastic mode,D 5 0.85
(cf. D 5 0.75 calculated directly from Eq. (3), forc 5 3, n 5 0.25);
for the fracture mode,A 5 8.6 3 103 (cf. A 5 2–33 103 for n 5
0.25 from previous investigators15,39). Note that the data points for
some of the materials do not intersect the fitted lines, indicating
some systematic deviations.

V. Discussion

We have used a simple, well-documented formulation for
quantifying competing damage modes, brittle fracture, and quasi
plasticity, at Hertzian contacts in ceramics, with due allowance for
the elastic deformability of the indenter and curvature of the
specimen. Specifically, we have presented explicit relations for the
critical loadsPC andPY in terms of basic material parameters: for
quasi plasticity, hardness (H), and modulus (E); for brittle fracture,
toughness (T 5 KIc) and modulus (E). Experimental determina-
tions of the critical loads in selected ceramic materials (Table I)
have been used to best-fit proportionality coefficients in these
relations. With these coefficients thus determined, we have the
basis fora priori predictions of critical loads for any other given
ceramic material fromE, H, andT values, foregoing the need for
direct, often exacting, experimental determinations.

As indicated in Section I, the quasi plasticity mode can be at
least as deleterious as the brittle mode in strength, fatigue, and
wear properties. The proper design of ceramics requires that
maximum operational contact loadsPm remain below bothPC and
PY. While the sizes of individual microcracks within a quasi-
plastic zone may appear much smaller than those of cone cracks in
brittle materials, at least at first initiation, these same microcracks
are prone to coalesce into far more dangerous cracks at high loads
and large numbers of cycles:1,7,22,23 the cumulative effect on
strength degradation and material removal processes can then be
catastrophic. Yet quasi plasticity ordinarily goes overlooked in
conventional tensile testing procedures. In flexural specimens, for
instance, the magnitude of the shear component is one half that of
the tensile component (i.e., exactly the reverse of the situation in
contact fields), in which case quasi plasticity may never be
activated. Accordingly, it is not always practical to extrapolate
data from tensile test specimens to concentrated-load configura-
tions.

The competition between quasi plasticity and brittle fracture
apparent in the Hertzian contact field bears on the issue of
brittleness.26–33From Eqs. (2) and (3) we have

PY/PC 5 ~D/A!~H/E9!~H/T!2r9 (5)

which may be taken as a brittleness index for any given contact
radius: if PY/PC . 1, the response is brittle; ifPY/PC , 1, it is
quasi-plastic. Figure 4 plots calculatedPY/PC versus (H/E9)(H/T)2

for the ceramic materials in Table I, including diamond, silicon,
and glass, for a midrange radiusr9 5 3.18 mm. The data in this
figure suggest that quasi plasticity in ceramics may be more
prevalent than might ordinarily be expected. The lateral position of
the predicted line translates to the left or right as the radiusr9
decreases or increases, displacing some of the materials from one
region to the other. There is the indication of an intrinsic size effect
in the competition between quasi-plastic and brittle fracture
modes, quantified by the transition point atPY/PC 5 1, r9 5 rp

say:30

r p 5 ~ A/D!~E9/H!~T/H!2 (6)

Such size effects arise because of the different dimensional
dependencies of the two modes, with plasticity essentially a
volume effect and fracture a surface effect.31 Figure 5 indicates
values ofrp for all materials in Table I (including the relatively

Fig. 2. Critical load quantityPY/r92 for onset of quasi plasticity in
selected materials, as a function of parameterH(H/E9)2. Vertical error bar
is experimental mean and standard deviation; horizontal error bar is
nominal uncertainty from hardness and modulus values. Solid line is best
fit to Eq. (3), corresponding toD 5 0.848.

Fig. 3. Critical load quantityPC/r9 for onset of cone cracking in selected
materials, as a function of parameterT2/E9. Vertical error bar is experi-
mental mean and standard deviation; horizontal error bar is nominal
uncertainty from toughness and modulus values. Solid line is best fit to Eq.
(4), corresponding toA 5 8.633 103.
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plastic metals and polymers)—the ordinate simply ranks the
materials according to increasingrp, the shaded band indicates the
range of sphere radii 1–10 mm covered in our experimental data.
From this figure, one can predict whether cracking or quasi
plasticity will prevail at any given operational radiusr9: for rp .

r9, quasi plasticity dominates; forrp , r9, brittle fracture domi-
nates. In this context, we note that for bearings and dental crowns
the operational value ofr9 typically lies within the range 1–10 mm,
i.e., the range covered by our experimental data, whereas in
tribological processes the range is considerably smaller, 1–100mm
say.

Again, the competitive nature of the quasi plasticity mode is
apparent. It is interesting to note that the relations in Eqs. (5) and
(6) for “blunt” indenters are similar to those for “sharp” (e.g.,
Vickers) indenters in that they contain a common factorH/T.27,31

However, whereas blunt and sharp indenters may provide similar
rankings for materials brittleness, the other factors in these
relations are dissimilar, reflecting essential differences in indenta-
tion geometry and leading to quite different absolute predictions of
critical loads.

In using the simple formulation presented here to predict
threshold conditions for damage in ceramics in contact with curved
surfaces, it is well to be aware of limitations imposed by experi-
mental errors and uncertainties arising from theoretical assump-
tions. In evaluating the coefficientsD andA in Eqs. (3) and (4) we
have made use of experimental measurements of critical loadsPY

andPC as well as of material parametersE, H, andT. Estimated
scatter bounds in these measurements are shown as the error bars
in Figs. 2 and 3. Recall also that some of the data points in these
figures actually lie outside the scatter bounds, indicating some
systematic deviations. Such deviations may arise in part from the
difficulty in measuringPY andPC in some of the materials, due to
batch-to-batch specimen variations or to ill-defined initiation
events (Section III). Part may arise from inadequacies in the
analytical derivations of Eqs. (3) and (4) (Section II). The
assumption of ideal elastic–plastic solids implicit in the notion of
a constraint factorc in Eq. (3) is open to serious question, because
the yield zone geometry is generally not material-invariant in
ceramics.35 Equally open to question are some of the assumptions
implicit in the fracture mechanics derivation of Eq. (4).7 We have
averaged out Poisson’s ratio effects in our equations, and this
quantity can have a strong influence in the critical loads, especially
in PC.13,39,48Indenter/specimen friction, neglected here, can mod-
ify Hertzian stress fields, with consequent influence onPC.49 We
have used continuum mechanics in our analysis—grain size can be
a modifying factor in both quasi plasticity50 and cone fracture.6 In
coarser, tougher materials withR-curves, it may be more difficult
to determine a meaningful single value of toughness (Vickers
tends to give midrange values)—indeed, for the toughest materials
it may be difficult to generate contact cracks at all. Rate and
chemical effects, especially from intrusive moisture, can enhance
the damage process, reducingPY

22,51 and PC;22,51,52 recovery
effects (recall Y-TZP, Section III) can act in the opposite direction.
Making allowance for all of these factors, it is probably not
reasonable to expect that estimates ofPY andPC from Eqs. (3) and
(4) are accurate to much better than a factor of 2, rising up to a
factor of 5 or more in the worst-behaved materials (e.g., upper
right of Fig. 2). In this respect the values of the “calibrated”
coefficientsD 5 0.85 andA 5 8.63 103 obtained here should be
regarded as approximations only. In the context of the compara-
tively large range of values covered in Figs. 3 and 4 this level of
inaccuracy should not constitute a serious limitation, provided an
appropriate safety factor is built into design specifications.
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